JOURNAL
OF THE AMERICAN CHEMICAL SOCIETY

Registered in U. S. Patent Office © Copyright, 1964, by the American Chemscal Society

VOLUME 86, NUMBER 17

SEPTEMBER 4, 1964

PETER ]. W. DEBYE
80TH ANNIVERSARY ISSUE

[CONTRIBUTION FROM WESTINGHOUSE RESEARCH LABORATORIES, PITTSBURGH 35, PENNSYLVANIA]

The Lattice Thermal Conductivity of an Isotopically Disordered Crystal'

By A. A. MARADUDIN
RECEIVED APRIL 12, 1964

Starting from the Kubo expression for thermal conductivity a calculation of the lattice thermal conductivity
of an isotopically disordered cubic Bravais crystal is carried out to lowest order in the concentration of the

minority constituent (the impurities).

It is shown that to this order in the concentration the expression for

the conductivity has the form predicted by simple kinetic theory arguments, in the case that the impurity atoms

are heavier than the atoms of the host erystal.

The reciprocal of the phonon lifetime in this case has a resonance

character of the type discussed recently by Brout and Visscher,

1. Introduction

In 1914, in the published proceedings of the Wolfskehl
Conferences of the preceding year, Debye? suggested
that anharmonic terms in the expansion of the potential
energy of a crystal in powers of the displacements of
the atoms from their equilibrium positions would lead to
the exchange of energy between the normal modes of the
harmonic approximation, and therefore provided a
mechanism which could explain the thermal resistance
of insulators. Fifteen years later Peierls® derived a
quantum mechanical transport equation for the phonon
distribution function for a crystal possessing cubic an-
harmonicities, from the solution of which the lattice
thermal conductivity could be calculated. The next
major contribution to the theory of lattice thermal
conductivity is to be found in the work of Klemens*
who first emphasized the importance of the scattering of
phonons by crystalline defects as a mechanism giving
rise to thermal resistance. In the succeeding years the
theory of thermal resistance due to point defects has
been discussed by a number of authors.? All of these
authors have based their treatments on the Peierls
transport equation.®

In 1957 a new approach to the calculation of trans-
port coefficients was presented by Kubo and his co-
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workers.® The starting point of this approach is an
expression for the desired transport coefficient as a
Fourier transform of the two time correlation function
of the current operators which appear in the macroscopic
equations by which the coefficient is defined. It was
hoped that the use of such correlation function expres-
sions for the calculation of transport coefficients would
yield results which the conventional approach vig a
transport equation could not reproduce.

Recent experimental results’ for the thermal conduc-
tivity of ionic crystals containing point defects can be
explained rather well if it is assumed that the inverse
relaxation time for the scattering of phonons by point
defects, in terms of which the collision term in the
Peierls transport equation is usually approximated, has
a resonance character in its dependence on the fre-
quency of the phonon impinging on the defect. The
subsequent demonstration by Brout and Visscher® and
by others® that a heavy mass defect in a crystal can
give rise to a low frequency “‘resonance mode’ of vibra-
tion of the perturbed crystal has led to a number of at-
tempts to incorporate this phenomenon into calcula-
tions of lattice thermal conductivity. This is usually
done® by calculating the cross section for the scattering

(8) R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Japan. 13, 1203
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of phonons by a point defect not in the Born approxi-
mation but by the use of the T-matrix of generalized
scattering theory.!' A relaxation time is then cal-
culated from the scattering cross section and used in the
relaxation time approximation to the Peierls transport
equation.

In the present paper we calculate the lattice therinal
conductivity of a disordered crystal starting from a cor-
relation function expression for the thermal conduec-
tivity. We consider for simplicity an arbitrary cubic
Bravais crystal a fraction (1 — p) of whose lattice sites
are occupied by atoms of mass 1/, while a fraction p
(<<1) are occupied randomly by atoms of niass 3/ .
We neglect here any changes in the interatomic force
constants of the crystal which result from the introduc-
tion of the small concentration of impurity atoms of
mass M’. In practice it is more convenient to niodify
the statistical hypothesis underlying our work by stat-
ing that each lattice site of our crystal is occupied by an
atonti of mass M/ with probability | — p, or by an atom of
mass M’ with probability p. In the limit as N, the
number of atoms in the crystal, becomes large, the two
ways of looking at the statistical side of our problem
yield the same result.

Recently, and independently of the present work,
Woll and Langer!? have also calculated the lattice
thermal conductivity of an isotopically disordered erys-
tal. Their work differs from that reported here in at
least two respects. They have devised a ciever mnatrix
propagator method for calculating the Fourier trans-
form of the heat current correlation function, while the
present calculation proceeds along more conventional
lines. More importantly, their calculation was carried
out for a nearest neighbor niodel of a disordered lincar
chiain. Such a crystal model does not sustain a low
frequency resonance niode when one of its atoms is re-
placed by a heavy imipurity atom. Consequently, one
of the niore interesting features of the three-dimensional
calculation is absent from the one-dimensional result.
In addition, as we will see in section 3, the heat current
operator for a three-dimensional crystal has a contribu-
tion. not present for a nearest-neighbor model of a
linear chain, whose consequences so far have not been
studied within the franiework of conventional transport
theory but which can be determined by the methods
used in the present paper.

It should also be said from the outset that one cannot
expect to obtain a finite thermnal conductivity from the
preseut model, and we will find that our final expression
for the conductivity is asum over allallowed phounon wave
vectors inside a unit cell of the reciprocal lattice which
diverges at long wave lengths. Physically, this diver-
gence is associated with the fact that the long wave
length lattice waves in an isotopically disordered crystal
do not feel the microscopic fluctuations in the mass
density of the crystal: they see a homogeneous medium
whose density is the mean deusity of the crystal.!?
In a harmonic crystal these waves propagate without
being attenuated, and hence give rise to an infinite
conductivity. In a real crystal anharmonic forces as
well as the boundaries of the crystal scatter phonons

{117 B. A. Lippmann and [. Schwinger, Phys. Rev.. 79, 469 {1030;
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niore effectively than do point defects, and suppress the
divergence. If we desire, we can impose a loug wave
length cutoff on the sum over phonon wave vectors with
the justification that for longer wave lengths auother
mechanism, viz., boundary scattering, will be dominant
in determining the thermal conductivity.

We conclude these introductory remarks by express-
ing the crystal Hamiltonian in a form well suited to the
calculations of the following sectious.

The Hamultonian for our disordered crystal can be
written as

H = Zp"1 + ZZ ®oa( (D ug(l’)
i

! )la

(1.1)

In this expression p,(/) and u,(/) are the a-Cartesian
components of the montentum and displacement of the
/th atoin, respectively; I/, is the mass of the /th aton,
and the {®,4(/l")} are the atomic foree constants for the
crystal. We rewrite eq. 1.1 in the form

+ - ZZ By 1) (Dug(l’) +

:U 29 1
Z(l—— 1 ) W) (1.2)
e \21, 21 ba '

and we will treat the last termn of this expression as a
perturbation on the remainder. We next carry out the
normal coordinate transformation which diagonalizes
the unperturbed Hainiltonian

_ 3 i k]) 9
Ugll) = <)\ 11’> kZJ (w,( )),”f,

WA ATANE o
pall) = - { o] 2 calkiiwk)) et EX By,
7 \2N k;
(1.3b)

-ik-x(l) lk
J

(1.3a)

Here «;(k) is the frequency of the norinal mode of the
unperturbed crystal described by the wave vector k
and branch index j, while e(kj) is the associated unit
polarization vector. x(/) is the equilibrium position of
the /th atom, and .lx; and By; are phonon operators
which are defined in terms of the usual phonon creation
and destruction operators ax; ™ and ay; by

(1.4a)
(1.4b)

.'lkj = dk; —+— ar_ij" = —kj‘
—+
By = axy —a_" = — By

In terms of these new operators the crystal Hamiltonian
becomes

H=H,+ Hp (1.5a)
1
:'Lkz hLuJ k)[-1k_1 "1k_1 + BkJTBkJ]
(1.5b)
Hy = _ZZ Vikiji; Kojo)BijiBros (1.5¢)

ks kas2
where

;- . 12 . ’ .
U(kyjr: Kojo) = 41\ (oK) ws, () e (Ryjy)e(Kyja)) X

Z(J]:_1> 2ri‘ks + Ko}

(1.5d;
iV
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We now turn to the problem of calculating the lattice
thermal conductivity of a disordered crystal described
by this Hamiltonian.

2. Transformation of the Kubo Formula for
Lattice Thermal Conductivity

The starting point for our calculation of lattice ther-
mal conductivity is the Kubo expression

mdte"’t(S(t)S(O)) (2.1)

QT 3k 0

in the form which applies to cubie or isotropic crystals.
Here Q is the volume of the crystal and S(¢) is the
Heisenberg representation operator for the heat current
operator

S(t) — el'(l/h)HS(O)e—i(t/h)H (22)

and H is the crystal Hamiltonian. The angular brack-
ets in eq. 2.1 denote an average in the canonical ensem-
ble described by the Hamiltonian A

Tre #H0

O) = — = =

o > e P (n|O|n)

1
Z %
(2.3)

In eq. 2.3 E, is the energy of the (exact) eigenstate
ln) of H. We do not derive or justify the formula 2.1
here, and refer the interested reader to the extensive
literature on this problem?!* for a derivation.

If we expand the average in eq. 2.1 in terms of the
eigenstates of H, we can carry out the time integration
exactly to obtain

_1_ cm _1_ ¢ BBn 2 /<1 _ >
aTanz 2 T lmSOm |5 (B — Ey)

K =

(2.4)

For computational purposes it is convenient to re-
express eq. 2.4 as

1 27 d

K= — —— —

2.
Q7 3h dv (25)

p("’)‘v =0

where

p() = 5 X e PE(miS(0)m)]%e (; (En — E,) = )

(2.6)

If in this expression we replace » by —», and then relable
the dummy summation variables m and # as #n and m,
respectively, we obtain the result that

p(=v) = &p(v) (2.7)

Therefore, because we can write the derivative of p(»)
atv = 0 as

NI

dols)

o) = e(=)
dv vy =0

y— 0,4 2v

(2.8

(14) H. Mori, Phys. Rev., 113, 1829 (1958); sbid., 118, 298 (1959); J. A.
McLennan, sbid., 118, 1405 (1959); M. I. Klinger, Zh. Tekh. Fis., 27,
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(1961); R. Kubo, ""Boulder Lectures in Theoretical Physics,” Vol. 1, Aca-

demic Press, New York, N. Y, 1958, p. 120; H. Mori, I. Oppenheim, and
J. Ross in "Studies in Statistical Mechanics,” Vol. I, J. DeBoer and G. E.
Uhlenbeck, Ed., Interscience Publishers, Inc., New York, N. Y., 1962,
pp. 271-298; R. J. Hardy, Ph.D. Thesis, Lehigh University, 1962, unpub-
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we can express « in the form
1 = (€™ — Dp(»)
= — — lm ——— 29
* QT 3hy—>0+ 14 ( )

The function p(y) can be written in a form better
suited for its evaluation as

Bh__ f(v +40) — fv — 40) _

ply) = S — 1 271

Bk
/) (210)

where f(z) is the continuation to the complex z plane of
the Fourier series coefficient

1 [* . 2l
fliw) = 5 fo due ™™™ Flu) w = fh— (2.11)
of the correlation function
Fu) = (T, e*78(0)e “#.8(0)) —8<u<B (212

In eq. 2.12 T, is the u ordering operator which orders a
product of operators from right to left in order of in-
creasing arguments. Conditions which ensure that
the function f(2) is in fact the desired continuation to
arbitrary complex argument of the function f(iw),
which is defined only at a discrete set of points, have

been established by Baym and Mermin.!* Combining
eq. 2.9 and 2.10 we obtain
1
X LSO (2.13)

Q/’eT2 3»-»0+ v

As it stands, this expression gives the thermal conduc-
tivity corresponding to a particular configuration of the
two kinds of atoms over the lattice sites of the crystal.
However, we have no knowledge of the atomic configu-
ration in any given case; all we know are the concentra-
tions p and 1 — p of the two constituents. We express
our ignorance by averaging the result given bv eq. 2.13
over all possible atomic configurations compatible with
the statistical hypothesis of the preceding section. The
expression that is the basis for the remainder of this

paper is
1 =/ f(V)>
= —— - 1 —_—
wa QrT? 3 <yl_r£]0+ v /4

.)a denotes the configuration average.

3. The Heat Current Operator
Before we can use eq. 2.14 to calculate the thermal
conductivity we must have an expression for the heat
current operator S. In a recent note!® the author has
derived the following simple expression for this operator

S, = lz x, (DH(l) (3.1)

(2.14)

where (. .

where x,(/) is the u-Cartesian compenent of the posi-
tion vector of the /th atom in the crystal, and H(/) is the
part of the crystal Hamiltonian which is associated
with the /th lattice site. The expression given by eq.
3.1 is not exact. An exact expression for .S, has been
obtained by Hardy,'%! but the differences between the

(15) G. Baym and N. D. Mermin, J. Math. Phys., 3, 232 (1961).

(18) A. A. Maradudin, Westinghouse Research Laboratories Scientific

Paper 63-129-103-P1, 1963, unpublished.
(17) R. J. Hardy, Phys. Rev., 182, 168 (1963).
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results obtained on the basis of his expression and those
obtained through the use of eq. 3.1 appear to be sig-
nificant only at temperatures of the order of or even
higher than the melting temperature of the crystal.

The expression for H(/) applicable to the present
problen: is!®

pail) |1 / -
Za: 2M, ts Z ®5(1 Yu () ug()

The time derivative of H(l) is

HO) = (3.2)

HO = [HOH] = 5 @(l) X
[t a0

My M,
Combining eq. 3.1 and 3.3 we obtain

1 (Z+/) (
S, = - I x, (b £oll)
Zlalﬂ J]l’

(3.4)

In writing this equation we have introduced the variable
[ =1 — I’, and have used the fact that d’ag(/l ) depends
on [ and !’ ouly through their difference.

We now carry out the normal coordinate transforma-
tion given by eq. 1.3 in eq. 3.4 and obtain

S, = ZZ (wj(k)w; (k"))

o 2 ol K- Biy X

{‘\7A(k _+_ k)) _+_ Z < 77777 . 1> ()ZWi(k -+ k')'x{l')}

(3.5)

where A(k) equals unity when k is a translation vector
of the reciprocal lattice and vanishes otherwise, and
where

el
T eutk) {x#a) Pasll) o

vk}, K'j') = .

(k)
sin zwk-x(l')} X es(K’j')  (3.6)

Thus, we obtain a separation of the heat current
operator into a part which is independent of the disorder
and a part which depends on the disorder

S# — Ag“‘(u) +_ Sﬂ(xl) (37)
where S,V gives the heat current operator for the per-
fect host erystal, while S,V is the conutribution to the
heat current from the interaction terins in the crystal
Hamiltonian

5.9 = )g (oj(I)ecyo (k) (O — k')A -y
(3.8)
SO = ST e k)
2N kik; 1
0,0 K'7) (1‘; - 1) ST L (3.9)

Let us look at S,'Y more closely.
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We can simiplify the expression forv,(kj; —kj’) given
by eq. 3.6 if we introduce the eigenvalue equation for
the normal mode frequencies of the unperturbed erystal

Zﬂ D.s(K)es(kj) = wi(k)e (kj)  (3.10)

1 . —
Dsk) = 7 lZ ®s(l)e” 2D (3.11)

together with the orthogonality condition on the eigen-
vectors

2 ea(kie,(kj) = 6 (3.12)

It follows from eq. 3.6 and 3
can be written in the form

(ki —Kj") = —8;0,(k7) — v,(kjj")

where v,(kj) is the u-component of the group velocity
of the phonou (ky)

[10-3.12 that v, (kj; —kj")

(3.13)

ey o L0wi)
u#(k]) = o bk# (3.14)
and
e lepR) = w(R)] < Oeale)
el = 470y () 2 ok, &)
(3.15)

It should be pointed out that the analog of v,(kj;’) for
a nionatomic linear chain vanishes because the eigen-
vector e(kj) is a constant independent of k.

Both v,(kj) and z,(kjj’) are odd functions of the
wave vector kK. In view of eq. 3.13 we can write S,
as thie sumn of a term which is diagonal in the phonon
branch indices and a tern: which is not

S, = 8§, 4 5,0V (3.16)
where
(00) h : + -
S, = kZ w;(K)v,(k7) A x;Bu; (3.17)
= Z fw (), (ky)ay, *ax; (3.18)
kj

/3 y - ‘

S0 = B kz (wi(K)wp(K)) " v,(Kjj") LBy ™ (3.19)

The existence of the nondiagonal contribution to the
heat current operator has been demonstrated previously
by Hardy4' and Choquard.!®

The contribution S,°® is the expression which is
conimonly written down for the phonon heat current
operator in a harmonic crystal. We see, however, that
there are at least two other contributions to the heat
current operator in the harmonic approximation, vz.,
S.°Y and S,/Y. In the calculations of the next sec-
tion, however, we retain only the contributions S,©
and S, to the heat current operator and neglect the
contribution associated with S, The motivation
for this approximation lies in the faet that since S,®
ts, roughly speaking, proportional to the interaction
ternt in the crystal Hamiltonian, when we evaluate the
coufiguration average of the product of two phonon

(18) PL. Choquard, Preliminary Report, Battelle Memorial Institute,
Ceneva, Switzerland, 1962, unpublished
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Green’s functions in the next section the terms involving
S, in the spectral densities obtained from these aver-
ages will be of at least one higher order in p than those
which do not involve S,.

For convenience in what follows we express the heat
current operator as

Sy = kz S (ki) AxiBrjy ™t (3.20a)
i)

where

)/ )/ ) .
Sullif’) = b0 5 il (kf) + o (@ (K)w; (k) ", (kjj")
(3.20b)

The results we obtain in this approximation already go
beyond what is obtainable from the usual treatment of
lattice thermal conductivity on the basis of the Peierls
transport equation since the latter makes no provision
for the nondiagonal contribution to the heat current
operator, S,©V.

It is useful to note that v,(kjj’) obeys the symmetry
relation

wi (K)o, (kij) = w; (K)o, (ki) (3.21)
as a consequence of which we see that
wi(K) S, (Kjj") = w;(k)S, (ki) (3.22)

4. The Thermal Conductivity
In this section we obtain the Fourier coefficient
f(iw;) of the heat current correlation function F(u),
which is defined by eq. 2.12, and from it the thermal
conductivity. According to eq. 2.12 and 3.20 the ex-
plicit expression for F(u) is

Flu) = 20 20 2 Su(kjifa) S, (ksjs) X

u kige kK'sad
(TAxj () Byj T (1) A 5,(0) By, H0))  (4.1)

It will be convenient later on to recall that S,(kjj’) is an
odd function of k.

The calculation of the correlation function (7°Ay;,
(u)Byj, " (u) Aw;,(0) B;, 7 (0)) is greatly simplified by
the circumstance that for the present problem the
perturbation Hamiltonian is a quadratic function of the
phonon creation and destruction operators, z.e., of the
operators { By;}. Since only two phonon vertices occur
in this problem we are led to the result that the correla-
tion function F(u) can be writtten in the factored form
Flu) = 2 2 2 S, (ki) Su(Kjsjs) X

u kjrjek’jsd
{D++ (s ks, 1) D~ (ko K'jsy ) +
D+ (kjy; k'js; 0) D (ko k75 u) ] (4.2)

where we have introduced the phonon Green’s functions

D+(kj, K5 u) = (Tud(w)Awp(0))  (4.3a)
D~ ~(kj; K'j'; u) = (TuBy;* () By *(0)) (4.3b)
DF(kj, K’y u) = (Tud;(u) By (0))  (4.3c)
D-*(kj, K’y u) = (T,By;* () Apy(0))  (4.3d)

The evaluation of D**(kj, k’j’; u) hasbeen carried out
in ref. 19. The evaluation of the remaining Green’s
functions can be carried out in the same way.
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The Green’s functions D=*(kj; k’j’; u) can be ex-
panded in Fourier series for « in the interval (—8, B8)

ﬂ)tt(kjj k/]'/,' u) — Z ﬂ)tt(kjj k/]./,' iwl)eihwm
l= —
(4.4)
where w; = 27//B8%. From eq. 4.2 and 4.4, we see that

we can write f(7w;), the Fourier coefficient of F(u), as

flw) =5 TS S(kivgy)-S'jjo) X

kigr K'jsjalios —»
| D+ (K, ko do) D (Kjos Ky oy — dwy,) +
D+ (kjr; K'js; 1) D~ H(Kjo; Kfyy dwy — dy, ]} (4.5)
The Fourier coefficients D= = (kj, k'j’; 1w,) are readily

obtained by the methods described in ref. 19 with the
results that

DrH(ks; K dwy) = alky, ww)alk + k)8 +

B(kj; iw) M(Kj; —K'j'; 1w)B(K'f’; i) (4.6a)
D-—(kj; ks tey) = —a(kj; i) Ak + K)oy —
alkj; do) M(—kj; K'5'; dwy)a(k's'; dw)  (4.6b)
O (kj; k'S dwy) = —B(kj; tw) Ak — k)b —
B(Kj; o) M(Kj, K5+ dw)a(k' s dwy)  (4.6¢)
O+ (kj, k7', iw) = B(kj; iw)A(k — K& +
alkj, i) M(—kj; —k'5'; iw)BK’] s dw)  (4.6d)

The various functions appearing in these expressions
are given by

Mkj, K75 dw) = —28V(—kj; K7j°) +
(28)* 2, V(=kj; kiji)a(lji; dw) V(—kji; K'j') —

ki

(28)% 2 20 V(—Kj; kij) alkiji; 1) V(—Kyjis Kejo) X

kis1 kg

alksyfy; to) V(—If, K'Y + ... =

M(=X'7'; —kj; iw) (&47)
L 2wk 1
a(kj, 1wy ) = TR (4.8a)
21 1
Bkj; i ) = — (4.8b)

Bh wi(k) + )’
All of the random features of the disordered crystal are
contained in the function M(kj, k'j'; 1w).

When we multiply two propagators together in the
manner specified by eq. 4.5, and take the configuration

average of the product, we see that we have two distinct
averages to evaluate, namely

(M(kj, K5, ian))a
and
(M(~Kiy; ~K'joy deo) M (Kjs; K'jus 1)) a

In the approximation in which the repeated scattering
of a phonon from one and the same impurity is taken

(19) A. A, Maradudin in " Astrophysics and the Many-Body Problem,”
W. A. Benjamin, Inc.,, New York, N. Y., 1963, p. 107.
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into account exactly, while the scattering of a phonon
from two or more different impurities is neglected, it
has been shown!®% that for a cubic Bravais host erystal
the former average is given by

(M(kj; K5’ dw))a = Ak — kK)o Clkj; 1w;) (4.9a)
where the function C(kj; iw) is
fiw;(k
Clkj; iw) = —ep 5—";’(—) X
(w*(k) + wﬁ)F“(in . (4.90)
wit(k) + W + epwit(k) F'(iw)
with
Fliw) =155 L g
tw) =1 — — —_— .
“ 3N kj w_,-Q(k) + wﬁ ¢
M’
=1- == .
€ % (4.9d)

The latter average can always be written as
(M(—=Xkji; —K'fo; o) M(Kjs; K'js; twn))a =
<M(_kj11. _k/j%. iwl,)>A<M(kj3; klj‘h’ z.wlz)>A +
<-‘M(_kj11' _k/j%' 1."~’h)]‘[(kj31. k/j%' iwlz) >A, correlated
(4.10a)

where the second term on the right side of this equation
gives those terms which arise from the interference be-
tween the two factors when the configuration average of
their product is taken. In the approximation repre-
sented by eq. 4.9a, we can substitute the result given by
eq. 4.9a into the first term on the right side of eq. 4.10a.
A detailed analysis,? which we will not reproduce here,
shows that to the same approximation the correlated
part of the average 4.10a 1s given by the product of an
even function of k alone and an even function of k’
alone. When this term is substituted into the configu-
ration average of eq. 4.5, it yields a vanishing contribu-
tion to the thermal conductivity because of the oddness
of S(kji7.) and S(k’j3j,) in k and k', respectively. Asa
result, for the purposes of the present paper we may
write

<M(_k]11 _k/jQ; iwl:)‘w(kjh- k’j‘h' z."~’l:)>A =
A(k - k/)ajljﬂajljtc(kjll' z""’ll) C(k]3? 1.("’h) (410b)
It is an immediate consequence of the results ex-
pressed by eq. 4.9 and 4.10 that in taking the configu-
ration average of both sides of eq. 4.5 we can replace the

average of the product of two propagators by the prod-
uct of the averages

(fhw)ya = 25 22 20 S(kjuja)S(k'jsjs) X
kjije kKfsfa h = — =
H@* (i, ks i) a(D ™ (Ko Ky dy — o)) a +
(DT (Kfr; K'fa; dwp)) al D~ H(Kjoy Koy dy — dwp))a }
(4.11)

The Fourier coefficients D**(kj; k’j'; iw;) possess
spectral representations which we write in the form
(20) A. A. Maradudin, Westinghouse Research Laboratories Scientific

Paper 64-929-100-P4, January 29, 1964. A result equivalent to that given
by eq. 4.10b is also obtained by Woll and Langer, ref, 12.
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o=y ki) = [ o
AT (kj K’ v)

v — 1wy

4.12)

The spectral density A**(kj; k’j’; ») can be obtained
from the Fourier coefficient D**(kj; k'j’, 1) if in the
latter we replace 4w, by the continuous, complex, vari-
able z. We then see that

1 1 C .
Att(k];k]'; v) = 2—7;1 {ﬂ)tt(kj;k] ;v 4+ 10) —

DE=E(kj; k'j'; v — i0)}  (4.13)

When the spectral representations (4.12) are sub-
stituted into eq. 4.11, the sum over /; can be carried out
directly, and the functions f(z) and therefore f(») con-
structed. Combining the result of these steps with eq.
2.14, we obtain for the thermal conductivity

1 = @%®
= — = — S(kjijs) - S(k'ssg

(k)4 T3 4 k%k;aﬁ (kjijz) - S(k'jaj) X

= i
f d» csch? 6—2—” {(a++(kjr, K'js; v)a X
(A= (kjp, K'js; —v))a + (At~ (kji, ks v))a X

(A= *(jo Ko —v))a)  (4.19)
This result is correct to the lowest order in p.
Combining eq. 4.6, 4.7, 4.9, and 4.10 we can write the
configuration averages of the Fourier coefficients D= =
(kj;, Kk'j'; iw) as

(DHH(kj; k' dw))a = Ak + K)§ X

2u(K) 1+ epF1(iw) @150
i wi(k) + wof + epof(F (i)
(D (kj; K'; iw)ha = — A + K)oy X
2uw;(k) 1
- 4.15b
B w(k) + o + epu(k) F(1w) ( )
(D+(kj; K dw))a = —A(k — K)oy X
2y 1
81 o (&) + o + epup @) F i) 1
(D+(kj; K de))a =
— (D (kj; K dw))a (4.15d)

From these results and eq. 4.13 we obtain for the con-

figuration average of the spectral densities of these prop-

agators

(A*tH(kj; K v))a = Ak + K)g;p X
2w;(k) epr*b(v)

8% Ds ) (0168
(A=—(kj, k'j'; v))a = — Ak + Ko X
2w;i(k) epw;t(k)b(v)
8h D (16D
(A+—(kj' K5y v))a = —Ak — k)8 X
2v epw;®(K)b(v)
s D » %
(A=H(kj, Ky v))a = —(A+T—(kj; K7, v))a  (4.16d)
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The various functions appearing in these expressions
are defined by

D(kj; v) = [wi(k) — »* + epwP(K)a(y)]*

to (DY) (4.17)
“”Z[r—w&&;ﬁfzwawﬁ(*w
o) =1z ey%ir(ly:;;yif Ofr:Z)QWGo’(V?) (4.19)
Go(¥?) = P — wi(k))  (4.20)
Go(v?) = N kZJ (7”:*1:]@; (421)

The function Go(»?) is the distribution function for the
squares of the normal mode frequencies of the perfect
host crystal, while G,(»2) is its Hilbert transform.

In obtaining the results for the spectral densities
given by eq. 4.16 we have assumed that the impurity
atoms do not give rise to localized vibration modes.
This is because the approximation to the configuration
average of the propagators D= *(kj; k'f’; iw/) that we
use here yields a é-function contribution to the corre-
sponding averaged spectral densities associated with the
localized modes, if any are present. In the case of a
cubic Bravais crystal where the localized mode is triply
degenerate,'® the product of the §-functions which would
arise fromn this source in the product of the spectral
densities in eq. 4.14 is nonintegrable. Physically, this
is due to the fact that in this approximation heat is
conducted by the localized modes as if they are nonin-
teracting, and thus with zero resistance. A more
sophisticated treatment of the impurity problem is re-
quired to overcome this undesirable feature of the
present calculation. One possibility is to use self-
consistent forms of the phonon propagators.?! In this
approximation the pole of (D**(kj, k’j’; 2))a in the
neighborhood of the localized mode frequency, which
gives rise to the §-function in the spectral density
(AT*(kj, k'j'; v))a, is spread out into a branch cut,
The spectral density loses its §-function character and
the integral over » in eq. 4.14 is no longer singular. In-
clusion of the anharmonicity of the interatomic forces
in the present theory would also have the same bene-
ficial consequences for the spectral densities. It should
be emphasized, however, that no difficulties of the kind
just described arise when the expressions for the spectral
densities given by eq. 4.16 are used in the case that the
impurities are heavier than the atoms they replace.
Since this situation displays a number of features which
are of current interest in the theory of thermal resis-
tivity due to point defects, the fact that in all that {ol-
lows we consider only heavy impurities or imipurities
which are not light enough to give rise to localized
modes does not render our results overly restrictive.

When we substitute the spectral densities given by
eq. 4.16 and the explicit expression for S(kjij.) given by
eq. 3.20b into eq. 4.14, we obtain

[ 3! (1)

{ka =« + & (4.22a)

(21) J. 8. Langer and R. W. Davies, Buli. 4m. Phvs. Soc
(1963).
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where
2 242
@ = 2L T ) x
37 k5
z b*(v)
f_ ) dvc,(v, )b_z(T *) (4.22b)
WV = B Z w;t (K)wi, (k) [w;,2(K) + w;2(k) Jo2(kjjz) X
kjije
z b*(»)
-d T .22
S ctratn D Sy 420
where we have put
1 h 2
e, T) = & (/B) (4.23)

Q sinh? 1/y8ky

Let us study each of these contributions in turn.

As it stands, the result given by eq. 4.22b is suffici-
ently complicated that it is not easy to see even its quali-
tative features. Accordingly, we make some approxi-
mations on the functions which enter into it which lead

to a result which can be readily understood. Let us
first define a frequency v,(kj) by the equation
wit(k) — vo? + epwit(k)a(v,)= 0 (4.24)

If we then assume that b(v) is slowly varying for » in
the neighborhood of »,(kj), so that we can replace it
by its valie at v,, and in addition is small, we can make
the “'quasi-particle’’ approximation

D= kj, v) = N(&j)[8(r — vo) + 8(v + v5)] (4.25a)
where the coefficient N(kj) is found to be
T 1
N(kj) = =
) = 5 o = e @aoy) <
(4.25b)

9%, ()b ()
With this simple approximation for D=2(kj; ») the

integral over » in eq 4.22b becomes trivial, and we ob-
tain

© = I (2p? w (B)*(kj)e, (v, 1)
' PE?%—¢w®wwn
2—*
ep (K)0(v,)

From eq. 4.16 and 4.17 and the kind of argument that
led to eq. 4.25 we see that the spectral densities of the
phonon propagators (A**(kj; k'j’; ))s have a
resonance form, centered at » = =+y,. The width of
this resonance at half-maximum, which we denote by
2T (kj), gives the decay rate for the probability
(rather than for the probability amplitude) of finding &
phonon in the mode (kj) at time ¢ if it is present in this
mode at time ¢ = (. We call the reciprocal of this
width the phonon lifetime, and from eq. 4.16 obtain the
result

(4.26)

2 :
= 2I'(kj) = _ 2epw(k)b(ve)

—1(ki
(k) 2y, — eput(R)a’(v,)

(4.27)

Finally, if we make the approximation of replacing »,
by wj(k) and neglecting epw;*(k)a’(v,) compared with
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w;j(k), because it gives a contribution of higher order in
p than we consider here, we obtain

WO = T o), Dl () (4.280)

= %kZJ 6 (w;(k), Tok)i(kj)  (4.28b)

where [(kj) = v(kj)r(kj) is the mean free path of the
phonon (kj). The result given by eq. 4.28 is just the
result given by the kinetic theory applied to a phonon
gas. It must be kept in mind that eq. 4.28 is only an
approximation to the expression given by eq. 4.22b
which results when we neglect the shift in the frequency
of the phonon (kj) given by v,(kj) — w;(k), and when the
width 2T (kj) is small.

To the approximation represented by eq. 4.28, the
reciprocal of the phonon lifetime is given by

7 Ykj) = mpe? X
w;*(K)Go(w;*(k))
(1 — ew(B)Go(w? (k)12 + el (K)Go¥(wi? (k)
(4.29)

In the long wave length limit, 7.e., for small w;(k), G,-
(w;2(k)) 1s proportional to wj(k), so that the inverse
lifetime is proportional to wj*(k), or to k* We see
therefore from eq. (4.28a) that the sum over k diverges
at long wave lengths like £k~2. However, we can argue
that by the time that the phonon wave lengths become
so long that the sum begins to diverge, the scattering of
phonons by the external boundaries of the crystal begins
to dominate, and a finite result for the conductivity is
recovered. We may, therefore, impose a long wave
length cutoff on the sums in eq. 4.28, but we will not
indicate this explicitly in any of the results which follow.

Expressions of the type given by the right side of eq.
4.29 have received a great deal of study recently in con-
nection with the theory of the Mossbauer effect for an
impurity nucleus!®? lattice thermal conductivity,!® and
the thermal properties of crystals.?® From the stand-
point of the present paper, the most interesting feature
of this expression is the resonance character it possesses
when e is large and negative, 7.e., when the substitu-
tional impurity is a heavy atom. In this case it can be
shown??22 that the equation

1= —!ethGo(wQ)

always has a solution w,? which tends to zero as \el
increases indefinitely. In the neighborhood of this
frequency the reciprocal lifetime r~(kj) has the form

(4.30)

mi(kj) = Bffw 5 o) (4.31)
T (wi(k) — w)? + 1 (v
where
Blw) = — 5 &) (4.32)

TN & (w2 — wt(K)p?

(22) W. M. Visscher, Phys. Rev., 129, 28 (1963); A. A. Maradudin, West-
inghouse Research Laboratories Scientific Paper 63-129-103-P9, 19683, un-
published.

(23) G. W. Lehman and R. E. DeWames, Phys. Rev., 181, 1008 (1963);
Yu. M. Kagan and Ya. A. losilevskii, Zh. Eksperim. i. Teor. Fiz., 48, 819
(1963).
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wrGo(wrQ)
Yy = Blw?) (4.33)
The functional form for r~!(kj) given by eq. 4.29 is that
assumed by Pohl’ to explain experimental results for the
low temperature thermal conductivity of KCl with a
small number of nitrite ions introduced substitutionally
into the chloride sublattice. The origin of the reso-
nance form for the inverse lifetime in that case is more
likely due to the internal degrees of freedom in the
nitrite ion?¢ than to any approximation of this ion as a
pure mass defect.

Qualitative and quantitative results for the thermal
conductivity of a disordered crystal have been obtained
by Callaway!® and Takeno' on the basis of an inverse
phonon lifetime of the form given by eq. 4.29, and we
do not consider this aspect of the problem any further
here.

It may be worth pointing out that it is because the
function G,(w?) vanishes identically for lw| < w; for a
nearest neighbor model of a linear chain that this model
is incapable of yielding a resonance form for r—1(kj).

We come finally to the contribution «® to the
thermal conductivity. If we make use of eq. 3.15 we
see that we can rewrite the expression for «V in the
more symmetric form.

52 2 .
= S gt () — w091 X
JJz

. b (v)
f_ ) dve, (v, T) D(kj; v)D(kjs; v)

(4.34)

where the components of the vector u(kjj’) are given by

1 Oe,(kj
w(kjj) = - ¥ 2

kj’
4m a Ok# ea( ])

(4.35)

From the form of eq. 4.34 we see that in the approxi-
mation which yielded eq. 4.28, i.e., replacement of
D~Y(kj1; w) and D' (kj,, ») by normalized §-functions,
the integral over » is nonvanishing only if w;,(k) =
w;,(k), but when this is the case the sum over k, j;, and
J» vanishes because of the factor [w;2(k) — w;2(k)]%
To obtain a nonvanishing result for «*’ we would have
to keep I'(kj) finite in our calculations. Put another
way, the contribution «‘! is of higher order in p than
K.

In summary, we have evaluated the Kubo formula
for thermal conductivity for an isotopically disordered
cubic Bravais crystal to lowest order in the concentra-
tion of the minority species. When the impurity atoms
are heariver than the atoms they replace, the result has
the form given by kinetic theory. However, it is not
necessary to introduce a phenomenological phonon life-
time in an ad hoc way to obtain this result.?® The life-
time which appears in our result arises in a natural way
from the analysis. The inverse of the phonon lifetime
has a resonance character when the impurity atom mass
is much heavier than the mass of the host atom, in
qualitative agreement with experimental data on lattice
thermal conductivity in impure crystals.” Finally,

(24) M. Wagner, Phys. Rev., 183, A750 (1964).
(25) W. C. Schieve and R L. Peterson, ibid., 136, 1458 (1962).
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although the expression for the conductivity diverges at
long wave lengths, arguments can be made for the intro-
duction of a long wave length cutoff on the surns.
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The statistical dynamical behavior of a large spherical particle in an #-dimensional harmonic erystal is studied.
This Brownian sphere is formed by constraining the particles inside a large spherical region of the crystal to

move as a single particle.

Effective equations of motion for the Brownian sphere are derived.

For the one-

dimensional and three-dimensional crystals, these equations are identical with the Langevin equation for a free

particle and a harmonic oscillator, respectively.

generalized Langevin equation is derived which is a non-Markoffian linear integro-differential equation.

For the Brownian sphere in a two-dimensional crystal, a

These

results for the Brownian sphere are compared with the results obtained by Hemmer and Rubin for a different

crystal lattice model.

Introduction

The physical concepts and ideas which have evolved
in the study of Brownian motion phenomena have
pervaded many areas of physics, chemistry, astronomy,
and mathematics.2® In this paper, we continue a line
of investigation*™" whose purpose is to gain some in-
sight into the nature of the assumptions made in
developing a theory of Brownian motion. These
basic assumptions are best illustrated in the Langevin
equation?s

MX 48X — K(X) = A()

which has been used as a starting point for developing
the theory. The Langevin equation is the equation of
motion of a Brownian particle of mass M in an external
force field K(X). It is assumed in writing such an
equation that the influence of the surrounding medium
on the Brownian particle can be represented as the
sum of two terms: 8X a dynamical friction or viscous
resistance proportional to particle velocity, and 4(2)
a rapidly fluctuating random force whose intensity is
related to the temperature of the medium. Starting
from the Langevin equation, a complete description
of the state of the Brownian particle is obtained in the
form of a conditional probability distribution function
(c.pdf). The cpdf W(Xay Xo ' X1, X1 4) is
the conditional probability that the velocity and
position are X; and X, at time #, when they were X,
and X, at the earlier time ¢,.

In this paper, as in earlier work,*~7 we consider a
modification of a perfect harmonic #-dimensional
crystal with nearest-neighbor central and noncentral
forces. The effect of the modification is to introduce
a Brownian particle into the crystal. These modified
harmonic oscillator systems have the important feature

(1) (a) National Science Foundation Senior Postdoctoral Fellow; (b)
address correspondence to National Bureau of Standards, Washington 25,
Dl(ZC)A (a) 8. Chandrasekhar, Rev. Mod. Phys., 18, 1 (1943); (b) M. C. Wang
and G. E. Uhlenbeck, tbid., 17, 323 (1945).

(3) J. L. Doob, "Stochastic Processes,” John Wiley and.Sons, Inc., New
York, N. Y., 1953,

(4) R. J. Rubin, ""Proceedings of the International Symposium on Trans-
port Processes in Statistical Mechanics, Brussels, August, 1956, 1. Prigo-
gine, Fd., Interscience Publishers, Inc,, New York, N. Y., 1958, p. 155.

(5) P. C. Hemmer, Thesis, Det Fysiske Seminar i Trondheim, 2 (195Y9).

(8) R. J. Rubin, J. Math. Phys., 1, 309 (1960).
{7) R. J. Rubin, sbid., 2, 373 (1961).

that explicit exact expressions for the c.p.d.f. of the
Brownian particle can be obtained directly from the
equations of motion. The only assumption made is
that the system is initially in thermal equilibrium.
Once an explicit form of the c.p.d.f. has been obtained,
the form of the associated Langevin equation (or
generalized Langevin equation) can be inferred.
Hemmer® .and Rubin*®7 modified the crystal by in-
creasing the mass of one of the lattice particles to a
very large value. In this paper we consider a different
modification of the crystal in which the particles inside
a large spherical region are assumed to be rigidly
connected. This large spherical aggregate, which
we will call a Brownian sphere, is treated as a single
particle.

In the earlier work, it has been shown that for a
very heavy particle in the one-dimensional crystal®=’
the heavy particle behaves like a free Brownian particle.
The Langevin equation, which is consistent with the
c.p.d.f., has the form?s

MX + 8X = A(t)

where the friction constant B, is given in terms of lattice
parameters. For the three-dimensional crystal,” again
in the limit of a very heavy particle, the particle
behaves like a Brownian oscillator. The Langevin
equation which is consistent with the c.p.d.f. in this
case has the form?

MX + 8:X + kX = A()

where 3; and k are given in terms of lattice parameters.
For the two-dimensional crystal, the results are less
complete. It is shown’ that the position and velocity
of the heavy particle are non-Markoffian random
variables® in contrast to the case of the one- and three-
dimensional crystals where the position and velocity are
shown to be Markoffian random variables. This is
the extent of the results which have been obtained
previously.

In studying the properties of the Brownian sphere,
we shall need several results which have been estab-

(8) A pair (or more) of random variables is said to be Markoffian if for
13 > t > 4 the conditional probability distribution function WX, Xa,
& X2, X2, l2; X1, X), ) is independent of the values of X and X at time
t,de, if W(Xs, X5, fa | Xz Xz, f2; X0, X0, 0) = WX No, ta | Xz, X, 82);
otherwise the variables are said to be non-Markoffian.



